We investigate the collective behavior of magnetic swimmers, which are suspended in a Poiseuille flow and placed under an external magnetic field, using analytical techniques and Brownian dynamics simulations. We find that the interplay between intrinsic activity, external alignment, and magnetic dipole-dipole interactions leads to longitudinal structure formation. Our work sheds light on a recent experimental observation of a clustering instability in this system. PACS numbers: 87.14.ej,87.10.Ca,87.16.Uv The intrinsic nonequilibrium activity of microscopic swimmers and the many possible means of interaction between them have provided us with an exquisite playground for studying emergent properties of active matter [1, 2] . Examples of such systems include those with short range interactions and activity mechanisms that exhibit polar [3, 4] and nematic [5] [6] [7] [8] [9] [10] symmetry, as well as those with intrinsic mechanisms that mediate nonequilibrium long-range interactions such as phoretic swimmers [11] [12] [13] . On the other hand, external cues can guide individual microswimmers in nature by using different strategies to modulate their motility patterns, including chemotaxis [14] [15] [16] [17] , phototaxis [18] [19] [20] , gyrotaxis [21] [22] [23] , and magnetotaxis [24] . In the quest for understanding the full range of emergent properties of active matter systems, it is important to study the interplay between intrinsic mechanical activity, interactions, and external driving, including shear stresses [25] . Magnetic active matter constitutes a particularly interesting class of systems, not least because of its versatility in terms of the fabrication of artificial swimmers and their control, as well as its potential for technological applications [26] [27] [28] [29] [30] [31] [32] [33] .
The intrinsic nonequilibrium activity of microscopic swimmers and the many possible means of interaction between them have provided us with an exquisite playground for studying emergent properties of active matter [1, 2] . Examples of such systems include those with short range interactions and activity mechanisms that exhibit polar [3, 4] and nematic [5] [6] [7] [8] [9] [10] symmetry, as well as those with intrinsic mechanisms that mediate nonequilibrium long-range interactions such as phoretic swimmers [11] [12] [13] . On the other hand, external cues can guide individual microswimmers in nature by using different strategies to modulate their motility patterns, including chemotaxis [14] [15] [16] [17] , phototaxis [18] [19] [20] , gyrotaxis [21] [22] [23] , and magnetotaxis [24] . In the quest for understanding the full range of emergent properties of active matter systems, it is important to study the interplay between intrinsic mechanical activity, interactions, and external driving, including shear stresses [25] . Magnetic active matter constitutes a particularly interesting class of systems, not least because of its versatility in terms of the fabrication of artificial swimmers and their control, as well as its potential for technological applications [26] [27] [28] [29] [30] [31] [32] [33] .
In driven active suspensions through channels, such as phototactic algae exposed to a light source [18, 19] and magnetotactic bacteria under the effect of an external magnetic field [24] , the swimmers have been observed to accumulate at the center and exhibit clustering. While the clustering can be understood as a consequence of effectively attractive hydrodynamic interactions between pullers such as algae [20] , for pusher-type magnetotactic bacteria the effect cannot be accounted for using hydrodynamic interactions. Here, we study the behavior of interacting magnetic swimmers under the effect of an external magnetic field and external shear flow; see Fig. 1 . We show that the system, which has similarities to the class of phoretic swimmers [11] [12] [13] , exhibits a rich phenomenology, and provide an explanation for the mechanism behind the experimentally observed clustering instability reported in Ref. [24] .
Description of the model.-We consider a selfpropelled magnetic swimmer, which consists of a spherical head of radius a that contains a permanent magnetic moment m 0 pointing in the direction of its body axis n as a simplified model of the magnetosome [34] [35] [36] , and a helical flagellum of length l, as sketched in Fig. 1(a) . For simplicity, we ignore the anisotropy of the body shape and use scalar translational and rotational friction coefficients for the swimmer, denoted as ζ and ζ r , respectively (in general they depend on a and l). Also, we assume that the magnetic dipole is point-like and located at the center of the swimmer head. Furthermore, we assume that n is also the direction of propulsion of the swimmer, with the swimming speed of v 0 . If there is an external magnetic field, B ext , the magnetic moment in the swimmer will tend to align with it, and thus the swimmer will move in the same direction as the magnetic field; i.e. the swimmer is magnetotactic.
Suppose that in a cylindrical channel of radius R 0 and length L, there is a Poiseuille flow along the longitudinal direction of the channel e z , which together with e r and e φ (the unit vectors along the radial and the azimuthal direction of the channel, respectively) form a complete basis set describing a cylindrical coordinate system. The velocity profile can be described as a function of the radial position in the channel as
, where v f is the maximum flow speed at the center of the channel [ Fig. 1(b) ]. If the magnetic swimmers are suspended in the above flow, and there is an external magnetic field B ext (applied in −e z direction), then the time evolution of the position r and the orientation n of a magnetic swimmer will be governed by the following equations
where ξ and ξ r denote translational and rotational Gaussian white thermal noise terms, respectively, with their strengths controlled by the corresponding diffusion coefficients D = k B T /ζ and D r = k B T /ζ r . The internal magnetic field, B int , which is induced by the other swimmers in the suspension, can be obtained from Ampère's law [37] 
where µ 0 is the permeability of vacuum and P (r, n, t) is the probability to find a magnetic swimmer located at r and pointing along n at time t.
The above equations describe a many-body interacting system with coupled stochastic dynamics of position and orientation under the influence of intrinsic activity, external driving, and thermal noise. To gain insight into the behavior of this complex system, we start by using a number of approximations. By assuming a separation of time scales between the orientation relaxation and the characteristic time scale for positional structure formation, we can formally solve Eq. (2) to find the orientation stationary state n st (r) = − sin θ(r) e r − cos θ(r) e z [see Fig. 1 (b) for the definition of θ]. This approximation amounts to the following form for the distribution function P (r, n) = ρ(r)δ(n − n st (r)), where ρ(r) is the density profile.
Driven swimmer.-Ignoring the dipole-dipole interactions, the average stationary state will be determined by the competition between the magnetic torque and the vorticity of the flow, leading to sin θ v f k B T r/ D r R 2 0 m 0 B ext ; i.e. the average orientation of the swimmer will depend on its radial position r. The stationary orientation will exist only for sufficiently strong magnetic fields that satisfy the condition
DrR0 , which applies to the experiment reported in Ref. [24] (for which m 0 B ext ∼ 20 k B T ). At the same level of approximation, the translational motion of the swimmer in the radial direction can be described as an OrnsteinUhlenbeck process [24] , where the swimmer can be regarded as being constrained in an effective quadratic potential well U eff = with the characteristic focusing radius R defined as
Note that for the cases we are interested in, R is typically much smaller than R 0 . The time scale for relaxation into this distribution in the radial direction is
. Driven interacting swimmers.-We now examine the effect of the magnetic dipole-dipole interaction between the swimmers for a finite (average) density ρ 0 . For time scales longer than T OU when the swimmers have reached the stationary state in the radial direction of the channel, it is a good approximation to use the following expression for the density profile of the swimmers
where the normalization constant is given as
2 , and azimuthal symmetry is assumed. This decomposition is justified provided the characteristic length scales along the channel are considerably larger than the focusing radius. This form allows us to formulate an effective description of the dynamics of the system along the channel.
When the external magnetic field is sufficiently strong, we can invoke the approximation n st · e z = − cos θ −1, which allows us to determine the internal magnetic field B int in terms of the density ρ in Fourier space (defined viaρ(k) = dr e −ik·r ρ(r) etc) from Eq. (3). We find
where k ⊥ = (k x , k y , 0) in Cartesian coordinates. By inserting Eqs. (5) and (6) in the 3D Fokker-Planck equation for ρ(r, z) and integrating over the radial coordinate, we can obtain an effective 1D Fokker-Planck equation of the slowly varying concentration field c(z; t) as follows
where F is an effective free energy given as
which consists of entropic and energetic contributions. The interaction term involves a long-range kernel, which is defined as where g(q) = 1 + q 2 exp(q 2 )Ei(−q 2 ) is a monotonically decreasing function of q, with its maximum value being g(0) = 1.
Short-time behavior.-To examine the dynamics of the interacting system, we first probe the stability of the uniform distribution (that we obtained in the dilute limit) by inserting c(z; t) = ρ 0 (πR 2 0 ) + δc(z; t) in Eq. (7) and solving for the dynamics of δc to the linear order. We obtain δĉ(k z , t) = δĉ(k z , 0)e λ(kz)t where
The real term on the right-hand side of Eq. (10) determines the growth rate of the wave with given wave number k z , and the imaginary term describes a wave propagation with velocity v f − v 0 (the sign denotes the direction of propagation). Equation (10) predicts that the system will be unstable to formation of longitudinal density waves, which lead to periodic clustering of the swimmers, provided the following criterion is satisfied
Therefore, the stability of the magnetic swimmer suspension towards clustering is determined by a subtle balance between the magnetic dipole-dipole interaction and the external magnetic alignment strength versus thermal energy, as well as a competition between the flow and swimming speeds. We can now compare this result with the experiment of Waisbord et.al. [24] , which had the following parameters: magnetic moment m 0 = 1 ± 0.2 × 10 −16 A · m 2 , self-propulsion speed v 0 = 100±10 µm·s −1 , temperature T 310 K, number density ρ 0 ∼ 10 16 m −3 and width of the (square) channel 50 ± 10 µm. In Fig. 2(a) , we show a comparison between the experimental values observed for the threshold of cluster formation, and the solid line (above which clustering occurs) that is a plot of Eq. (11) for the swimmer number density ρ 0 = 1.6×10
16 m −3 (that is slightly larger than the experimental value) and other parameters taken as above. Considering the simplifying assumptions in the model, e.g. in the location of the magnetic dipole and the assumption of a circular cross section as well as the absence of hydrodynamic interactions, this can be regarded as a reasonable agreement between theory and experiment. The focusing radius is obtained as R = 0.11 R 0 2.7 µm in a circular channel of radius 25 µm. The upper inset of Fig. 2(a) shows a comparison between the dispersion relation of the propagation wave between theory and experiment, which gives a propagation speed of v f − v 0 = 90 µm · s −1 , coinciding with the experimental value (v f = 180 µm · s −1 and v 0 = 100 ± 10 µm · s −1 ). While in this experiment the bacteria move downstream, it is also possible to have the opposite case where the net drift will be upstream.
In the clustering region, Eq. (10) predicts a band of exponentially growing modes, as can be seen in Fig. 2(b) , which shows the growth rate for different values of the magnetic dipole-dipole interaction strength µ 0 ρ 0 m 2 0 /k B T . To determine the fastest growing mode, we can use the approximation g(
2 , which gives an approximate expression for the growth rate as
2π ln L R . Using this approximation, the maximum growth rate can be found as k
Hence, the most prominent wavelength for the instabil-ity will be determined by the focusing radius and the distance from the threshold of instability.
Brownian dynamics simulation.-To gain more insight into the behavior of the system, we performed Brownian dynamics simulations by solving Eqs. (1) and (2), and directly calculating the magnetic dipole-dipole interactions. 10000 swimmers were studied using GPUbased simulations, in which the time integration of the particle position was executed with the 2 nd -order RungeKutta method; Ref. [38] contains more details. We observe that the system undergoes a clustering instability depending on the parameters; see Ref. [38] for a corresponding movie. We have performed a systematic scan of the parameters and observed a perfect agreement with the theoretical prediction as shown in the lower inset of Fig. 2(a) .
Long-time behavior.-To determine the long-time behavior of the system, we need to study the full nonlinear dynamics described by Eqs. (7) and (8) . Using the above expansion for g(k z R), we can approximate the free energy as
which resembles a Cahn-Hilliard free energy [39] . This shows that the effective dynamics can lead to a phase separation in the moving frame with velocity v f − v 0 , resulting from a competition between entropic effects and attractive dipole-dipole interaction. The onset of the tendency towards phase separation coincides with the threshold of instability [given in Eq. (11)], as can be seen from the expansion of Eq. (12) in powers of density fluctuations:
, where we have ignored a constant term, and a term linear in δc that will lead to a shift in the Lagrange multiplier than enforces number conservation. The dense phase will form a single front that accumulates most of the swimmers and moves with the speed of v f − v 0 in coexistence with the dilute phase. Since in the long-time limit the system is effectively one dimensional, this macroscopic demixing will be susceptible to noise [39] , which means that the front will intermittently dissociate due to fluctuations triggered by noise and then re-form.
Hydrodynamic interactions.-It is important to examine whether the above discussions are qualitatively modified if we incorporate hydrodynamic interaction between the swimmers, which can be repulsive or attractive depending on the type of swimmers [20, 40, 41] . To account for this effect, we consider an active stress in the fluid (arising from the hydrodynamic activity of the swimmers) in the form of Σ a = Sρ e z e z − 1 3 , where S denotes the strength of the hydrodynamic interaction (S < 0 for pusher and S > 0 for puller). By solving the Stokes equation for an incompressible fluid with this active stress, we obtain a fluid flow u(r) that will be superimposed with V f in Eqs. (1) and (2) . In Fourier space, we
. By incorporating the longitudinal component of the flow into the calculations, Eq. (10) will be modified as follows
Ei(−q 2 ) −2 ln q+O(q 2 ). In the limit k z R 1, the growth rate can be approximated as ρ 0 πR (11)], which indicates that for aligned pusher-type swimmers (S < 0) hydrodynamic interactions resist clustering, whereas for aligned puller-type swimmers (S > 0) they favor clustering. Therefore, because magnetotactic bacteria are pushers, our statement that dipole-dipole interactions are the dominant mechanism behind the clustering instability will still hold after the inclusion of hydrodynamics interactions. The hydrodynamic contribution might explain why we needed a slightly higher value for ρ 0 to fit the experimental data in Fig. 2(a) . Moreover, following up on the nonlinear calculations, we find that after the inclusion of hydrodynamic interactions the effective one dimensional description of the system will still follow Eq. (7), with a modified effective Cahn-Hilliard free energy that can be obtained by replacing K in Eq. (12) with K .
In conclusion, we illustrate how the combination of external magnetic alignment, magnetic dipole-dipole interaction, thermal fluctuations, self-propulsion, and external shear flow work together to determine the collective behavior of magnetic swimmers. We have shown that magnetic interactions can explain the experimental observation of clustering. We believe our results exemplify the tunability and the diverse range of behavior that can be achieved in magnetic active matter.
